Abstract. The purpose of this paper is to give two supplements for vanishing theorems : One is a relative version of the Kawamata-Viehweg-Nadel type vanishing theorem, which is obtained from an observation for the variation of the numerical dimension of singular hermitian line bundles. The other is an analytic injectivity theorem for log canonical pairs on surfaces, which can be seen as a partial answer for Fujino's conjecture.
Introduction
The injectivity theorem is one of the most important generalizations of the Kodaira vanishing theorem, and it plays an important role in complex geometry in the last decades, in which analytic methods and algebraic geometric methods have been nourishing each other. After Tankeev's pioneer work in [Tan71] , Kollár in [Kol86a] and [Kol86b] established the celebrated injectivity theorem for semi-ample line bundles on projective manifolds by Hodge theory. Enoki in [Eno90] generalized Kollár's injectivity for semi-positive line bundles on compact Kähler manifolds by the theory of harmonic integrals, and Takegoshi in [Tak95] gave a relative version of Enoki's injectivity for Kähler morphisms. We recently obtained a further generalization of them for pseudoeffective line bundles with singular hermitian metrics by a combination of the theory of harmonic integrals and L 2 -methods for ∂-equations (for example see [FM16] , [Mat15] , [Mat16] , and [Mat18] ).
In this paper, as an application of [Mat16] , we prove a relative version of the KawamataViehweg-Nadel type vanishing theorem (Theorem 1.2) for Kähler morphisms, by the vanishing theorem on compact Kähler manifolds in [Cao14] , the solution of the strong openness conjecture in [GZ15a] (see also [GZ15b] , [Hie14] , [Lem14] ), and an observation for the variation of the numerical dimension of singular hermitian line bundles (Theorem 1.1). Moreover, as an application of [Mat17] , we give an affirmative answer for Fujino's conjecture (Conjecture 1.3) in the two dimensional cases (Theorem 1.4). Theorem 1.1 (Variation of numerical dimensions, cf. [Mat16, Proposition 1.6]). Let π : X → B be a smooth proper Kähler morphism from a complex manifold X to a complex manifold B, and let T be a positive d-closed (1, 1)-current on X. Then there is a subset C ⊂ B of Lebesgue measure zero with the following property : For an arbitrary point b ∈ B \ C, the restriction T | X b of T to the fiber X b := π −1 (b) is well-defined, and the numerical dimension nd(
Theorem 1.2 (Relative vanishing theorem of Kawamata-Viehweg-Nadel type). Let π : X → ∆ be a surjective proper Kähler morphism from a complex manifold X to an analytic space ∆, and (F, h) be a singular hermitian line bundle on X with semi-positive curvature.
Then we have
where n is the relative dimension of π : X → ∆ and nd rel (F, h) = nd rel ( √ −1Θ h (F )) is the relative numerical dimension defined by Definition 2.2. Here K X is the canonical bundle on X, I(h) is the multiplier ideal sheaf of h, R q π * (•) is the q-th direct image sheaf.
Ambro and Fujino proved an injectivity theorem for log canonical (lc for short) pairs by Hodge theory (see [Amb03] , [Amb14] , [EV] , [Fuj11, Section 6], [Fuj16] , and [Fuj17a] ). It is a natural and quite interesting problem to ask whether the injectivity theorem for lc pairs can be generalized from semi-ample line bundles to semi-positive line bundles, which was first posed by Fujino. . Let D be a simple normal crossing divisor on a compact Kähler manifold X and F be a semipositive line bundle on X (that is, it admits a smooth hermitian metric with semipositive curvature). Assume that there is a section s ∈ H 0 (X, F m ) such that the zero locus s −1 (0) contains no lc centers of the lc pair (X, D). Then, the multiplication map induced by the tensor product with s
is injective for every q.
In [Mat17] , we proved the above conjecture in the case of purely log terminal pairs by developing techniques in [Mat18] and [Tak97] (see [Che15] , [HLWY16] , [KSX17] for another interesting approach). In this paper, as an application of [Mat17] , we affirmatively solve Fujino's conjecture on surfaces without any assumptions (Theorem 1.4). (1) T k has analytic singularities.
(2) T k ≥ −ε k ω, where ε k ց 0 and ω is a fixed Kähler form on X.
(3) T k+1 is more singular than T k . (4) For rational numbers δ > 0 and m > 0, there exists an integer k 0 such that
Here, for a d-closed (1, 1)-current S, the multiplier ideal I(S) can be defined by the set of holomorphic functions f such that |f | 2 e −ϕ is locally integrable, where ϕ is a local potential function of S. Then, by the same way as in [Cao14] , the numerical dimension nd(T ) of T is defined by
where n is the dimension of X and T ac is the absolutely continuous part of T (see [Bou02] for the definition). Note that the above numerical dimension can be expressed by the growth of the dimension of the space of global sections, in the case where X is a projective manifold and T is a semi-positive curvature current of a singular hermitian line bundle (see [Cao14, Proposition 4 .3]).
Proof of Theorem 1.1. By replacing B with an open subset in B (if necessarily), we may assume that X is a Kähler manifold. Further we may assume that there is an equisingular approximation {T k } ∞ k=1 of T satisfying properties (0)-(4) on a (non-compact) manifold X, since Demailly's approximation theorem (see [Dem92] , [DPS01] ), which plays a crucial role to obtain such an equisingular approximation, still works on a relatively compact set in X. By an observation for multiplier ideal sheaves and Fubini's theorem, we have the following claim :
Claim 2.1. There is a subset C ⊂ B of Lebesgue measure zero with the following property : For an arbitrary point b ∈ B \ C, the restriction
is well-defined (that is, the restriction of its potential function is not identically −∞), and
Proof of Claim 2.1. We can easily check that properties (0)-(3) for T k | X b and T | X b still hold on a fiber X b , if the restriction of them to X b is well-defined. In general, for a quasi-psh function ϕ on X, we have the restriction formula I(ϕ| X b ) ⊂ I(ϕ)| X b by the Ohsawa-Takegoshi L 2 -extension theorem. Further, by Fubini's theorem, we can show that the converse inclusion holds for almost all b ∈ B, that is, the subset {b ∈ B | ϕ| X b is not well-defined or I(ϕ| X b ) = I(ϕ)| X b } has Lebesgue measure zero. Indeed, for a holomorphic function f on a (sufficiently small) open set U in X, Fubini's theorem yields
where (z, b) is a coordinate on U such that b = π(z, b) gives a local coordinate on B. If the left hand side converges, the integrand z∈X b ∩U |f | 2 (z, b)e −ϕ(z,b) also converges for almost all b ∈ B. This implies that the above subset has Lebesgue measure zero since multiplier ideal sheaves are coherent sheaves. Now we define the subset C by the union of
where δ and m run through positive rational numbers. Then the union C also has Lebesgue measure zero since C is a countable union of subsets of Lebesgue measure zero. Therefore it follows that the restriction T k | X b gives an equisingular approximation of T | X b on the fiber X b for an arbitrary point b ∈ B \ C.
Since T k has analytic singularities, we can take a modification f k :
, where P k is a smooth semi-positive (1, 1)-form on X k and [E k ] is the integration current of an effective R-divisor E k . We consider the restriction of
, we may assume that the restriction f k,b : X k,b → X b is a modification and the fiber X k,b is not contained in E k for every b ∈ B \ C. Then, for every b ∈ B \ C, we have
Then, for a Kähler form ω on X and a non-negative integer d, we can see that
where n is the dimension of X b . Now we consider the push-forward
) of the smooth (n, n)-form. This push-forward is a d-closed (0, 0)-current, and thus it must be a constant function on B. Let C ′ k be a subvariety of B such that π • f k is a smooth morphism over
is a smooth function whose value at b ∈ B \ C ′ k is given by the fiber integral. Therefore, replacing C with ∪
for b ∈ B \ C by the above argument. The left hand side does not depend on
Hence we obtain the desired conclusion. For a Zariski open set B in C over which π is smooth, we take C ⊂ B of Lebesgue measure zero with the property of Theorem 1.1. We replace C with C ∪ (∆ \ B). Then, by the argument of Claim 2.1, we obtain the additional property :
For q > n − nd rel (F, h) and for b ∈ ∆ \ C, we have the vanishing theorem we can see that R q π * (K X ⊗ F ⊗ I(h)) b = 0 for every b ∈ ∆ ′ \ C by the flat base change theorem. Hence we have R q π * (K X ⊗ F ⊗ I(h)) = 0 on ∆ ′ . We obtain the desired conclusion since R q π * (K X ⊗ F ⊗ I(h)) is torsion free by [Mat16, Theorem 1.1].
2.3. Proof of Theorem 1.4. We finally prove Theorem 1.4 as an application of [Mat17] .
Proof of Theorem 1.4. The conclusion is obvious in the case q = 0. Further we can easily check the conclusion in the case q = 2 by the Serre duality. Indeed, by the Serre duality, we have
unless s is a non-vanishing section. Hence it is enough to consider the case q = 1. Let α be a cohomology class α ∈ H q (X,
. By [Mat17, Theorem 1.6], it is sufficient to show that α belongs to the image of the morphism
induced by the effective divisor D.
For the irreducible decomposition D = i∈I D i of D, we define the divisors D J and D K by
We consider the commutative long exact sequence induced by the standard short exact sequence :
Here θ K (resp. r K ) is the morphism induced by the effective divisor D K (resp. the restriction to D K ). It follows that that f (r K (α)) = 0 from the assumption sα = 0. On the other hand, the morphism f admits the inverse map since the section s is nonvanishing on D K by the definition of D K . Therefore we can find β ∈ H q (X, K X ⊗D J ⊗F ) such that α = θ K (β).
For a given index i ∈ J, we consider r i (β) In particular, we can take β ′ ∈ H q (X, K X ⊗D i ⊗ F ) such that β = θ i (β ′ ). For j ∈ J with j = i, it can be seen that r j (β ′ ) ∈ H q (D j , K D j ⊗D ij ⊗ F ) = 0 by using the vanishing theorem again, whereD ij := D J − (D i + D j ). Hence we can take β ′′ ∈ H q (X, K X ⊗D ij ⊗ F ) such that β = θ i (θ j (β ′′ )) = θ ij (β ′′ ), where θ ij is the morphism induced by the effective divisor D i + D j . By repeating this process, we can conclude that α = θ K (β) = θ K (θ J (γ)) = θ D (γ) for some γ ∈ H q (X, K X ⊗ F ). This completes the proof by [Mat17, Theorem 1.6].
